Lepton flavour violation from right-handed neutrino thresholds by Park, Jae-hyeon
Lepton flavour violation from right-handed neutrino thresholds
Jae-hyeon Park∗
Institut fu¨r Kern- und Teilchenphysik, TU Dresden, 01069 Dresden, Germany
Charged lepton flavour violation is reappraised in the context of supersymmetric see-saw mecha-
nism. It is pointed out that a non-trivial flavour structure of right-handed neutrinos, whose effect
has been thus far less studied, can give rise to significant slepton flavour transitions. Under the
premise that the neutrino Yukawa couplings are of O(1), the right-handed neutrino mixing contri-
bution could form a basis of the µ→ eγ amplitude which by itself might lead to an experimentally
accessible rate, given a typical low-energy sparticle spectrum. Emphasis is placed on the crucial role
of the recently measured lepton mixing angle θ13 as well as the leptonic CP -violating phases.
The see-saw mechanism is one of the most compelling
explanations for the tininess of neutrino masses [1]. The
supersymmetric type-I see-saw model (see e.g. [2]), ar-
guably the prototypical incarnation of this mechanism,
includes the following terms in the superpotential,
∆W = HdLYee
c −HuLYννc − 1
2
νcMνcν
c, (1)
where the superfields Hd and Hu are the down- and the
up-type Higgs doublets, L is the SU(2) doublet lepton,
and ec and νc are the charged and the neutral SU(2)
singlet leptons, respectively. In this article, it shall be
assumed that the leptons (including νc) come in three
flavours and that L and ec are in the basis where Ye is
diagonal and positive. The basis of νc shall be switched
as is convenient. Suppose that the eigenvalues of Mνc
are much larger than the weak scale. At a low energy
scale, this underlying theory then leads to the effective
neutrino mass matrix,
mν = v
2
u YνM
−1
νc Y
T
ν = U
∗m̂νU†, (2)
where vu is the vacuum expectation value of Hu and
U is the Pontecorvo-Maki-Nakagawa-Sakata lepton mix-
ing matrix [3]. A hatted matrix is diagonal containing
the non-negative eigenvalues. The essence of the see-saw
mechanism is that one can have m̂ν . eV without in-
troducing a Yukawa coupling unnaturally smaller than
O(1), thanks to the suppression by vuM−1νc .
This model is known to enhance lepton flavour vio-
lation possibly to a measurable extent [4]. Even if one
imposes a flavour-blind boundary condition on the slep-
ton mass matrices at some high scale, MX , the renor-
malization group running down to a lower scale causes
flavour-violating slepton mass terms. A graphical illus-
tration of this effect is Fig. 1. This diagram changes
a slepton of flavour i to flavour j. A closer look at the
loop reveals that there are two different sources of flavour
conversion: the vertices and the crosses designating right-
handed neutrino mass insertions. The former has been
the focus of attention in the majority of the literature
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to date. For a review of such studies, see e.g. [5]. By
contrast, the latter has been less considered. To put it in
a nutshell, the main aim of this article is to prove the ca-
pacity of the latter source that might lead to rich flavour
physics in the lepton sector.
This is not the first analysis of lepton flavour violation
with right-handed neutrino mixing taken into account
(see e.g. [6–9]). To the author’s knowledge, Ref. [6] is the
first study in which νc are sequentially decoupled. How-
ever, they do not state any implication of this treatment
for lepton flavour violation. In Ref. [7], they mention en-
hancement of µ→ eγ due to non-degeneracy of νc. The
decay rate does grow as the non-degeneracy parameter
εN in their article decreases from unity towards zero.
This change, however, is the effect from both the left-
and the right-handed mixings, implied by Yν assumed
to be symmetric. This makes it difficult to disentangle
the net non-degeneracy effect. Indeed, the above varia-
tion decreases the overall νc mass scale at the same time.
This increases the logarithm multiplying the degenerate
contribution as well. Furthermore, one can check numer-
ically that µ → eγ is enhanced by a similar factor for
small εN even if the right-handed mixing is switched off.
Most notably, the authors of Ref. [8] estimate rates of
lepton flavour violating decays arising purely from right-
handed mixing. The present work differs from theirs at
least in the following two points. First, they assume a
hierarchical structure of Yν whilst its eigenvalues are as-
sumed to be of similar magnitudes here. This makes the
two scenarios complementary to each other. Second, pos-
sibly due to the Yukawa structure, they do not relate θ13
to lepton flavour violation. In a (semi) effective theory
H˜u
νci′
νck′
νcj′
l˜i l˜j
FIG. 1. Schematic Feynman graph depicting the right-handed
neutrino loop correction to the slepton mass matrix. The
primed and the unprimed indices are in the bases where Yν
and Ye are diagonal, respectively. The corresponding scalar
loop is understood to be taken into account.
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2approach, lepton flavour violation with universal Ŷν is
analysed in Ref. [9]. Focusing on this case, they do not
mention the relevance of the Majorana phases which play
an interesting role when Ŷν departs from the universal
form as shall be presented in this work.
It should be appropriate to begin by reviewing the
renormalization of slepton mass matrices. Flavour-
changing correction is most significant in the left-handed
slepton mass matrix, which reads in the leading log ap-
proximation [4, 5],
∆(m2
L˜
)ij =
−1
8pi2
(3m20 +A
2
0)Hij , (3)
where m0 and A0 are the universal soft mass and trilinear
coupling of sleptons at MX , respectively. The flavour
structure of this correction is dictated by the hermitian
matrix [10],
Hij ≡ (Yν)∗ik(Yν)jk ln
MX
Mk
. (4)
Repeated indices are summed over. The three eigenval-
ues of Mνc are denoted by Mk which demands that Yν
be in the basis where Mνc is diagonal.
In this basis, one can decompose Yν in the form,
Yν = (U
l)∗ ŶνV, (5)
where each of the two unitary matrices describes an
eigenstate mismatch between a pair of matrices. Anal-
ogous to the Cabibbo-Kobayashi-Maskawa matrix origi-
nating from the misalignment between Yd and Yu in the
quark sector, U l is the twist between the left-handed
rotations of Ye and Yν . On the other hand, V de-
scribes the mismatch between Yν and Mνc . In the ba-
sis where νc instead diagonalizes Yν , one would thus find
Mνc = V
∗M̂ V †. Obviously, there is no quark-sector
analogue of V in the Standard Model.
For the following discussions, it is convenient to
split (4) into the two parts,
H = HD +HND, (6)
of which
HD = Y
∗
ν Y
T
ν ln
MX
M
= U lŶ 2ν (U
l)† ln
MX
M
, (7)
is indifferent to the individual masses of the right-handed
neutrinos whilst
(HND)ij = (Yν)
∗
ik(Yν)jk ln
M
Mk
, (8)
arises from their non-degeneracy.
The “degenerate” contribution (7), is due to the run-
ning from MX down to M , the overall scale of the
right-handed neutrino masses. This is the result that
one would obtain by decoupling the three right-handed
neutrinos at M at the same time. The only source of
flavour violation therein is U l, since it discards the k-
dependence of the logarithm in (4), thereby letting V
drop out. This endows this contribution with a no-
table property: no left-handed mixing implies no lep-
ton flavour violation. This is often summarized in the
formulation: li → ljγ is governed by (YνY †ν )ij (see e.g.
[11]). There are two cases where it suffices to consider
HD only. The first is the trivial case where the right-
handed neutrinos are really degenerate. By setting M
to the common Mk, one can trivially eliminate the con-
tribution from HND in (8). The second is when Ŷν
is so hierarchical that the largest entry dominates the
loop correction (see e.g. [12]). Note from (4) and (5)
that (Yν)
∗
ik(Yν)jk lnMk ≈ (U l)i3(U l)∗j3Ŷ 2ν,3 |V3k|2 lnMk,
where Ŷν,3 denotes the largest element in Ŷν . With M
chosen so that lnM = |V3k|2 lnMk, one can easily ver-
ify that HND vanishes. One can interpret this derivation
within Fig. 1. The strength of the H˜u–ν
c
j′–l˜j coupling
is given by [U lŶν ]jj′ . A mass insertion converting ν
c
i′ to
νck′ stems from (Mνc)k′i′ . If Ŷν,3 is dominant, one can fix
the internal indices i′ and j′ to 3, which isolates the ef-
fect of mass insertions from slepton flavour changes. This
means that the loop will conserve slepton flavours to a
good approximation in the limit where U l = 1, which
coincides with how (7) acts.
This observation also provides a hint on under which
circumstances HND becomes relevant, i.e. when the mass
insertions on the νc line (named the second source of
flavour violation in the introductory text) cause signif-
icant slepton flavour changes. To see this, it is useful
to imagine an extreme case where flavour violation from
the first source has been eliminated, i.e. U l = 1. In this
limit, i = i′ and j = j′ on the two vertices in Fig. 1,
whose strengths are then given by Ŷν,i and Ŷν,j , respec-
tively. In order to find an interesting effect in the µ˜–e˜
transition for instance, one needs to assume that neither
Ŷν,1 nor Ŷν,2 is highly suppressed. In view of the rationale
behind the see-saw mechanism, one might advocate this
all-O(1) structure of Ŷν , arguing that they are the most
natural orders of magnitude they could have. Leaving
aside contemplation of Yukawa textures, the above pat-
tern of Ŷν shall be employed throughout what follows as
a logical possibility that best manifests the effect of a
non-trivial flavour structure of Mνc .
Next, HND in (8) is to be scrutinized. For this, one can
split each Yukawa eigenvalue in the form, Ŷν,k = yν+∆k,
where the k-independent piece, yν , is supposed to have a
value characteristic of the three components, and ∆k is
a “perturbation” around this, whose magnitude may or
may not be much smaller than yν . With the aid of the
see-saw formula (2), and the decomposition (5) with the
eigenvalues split as prescribed above, one can extract the
following contribution from HND:
(H0ND)ij =
1
2
M2
y2ν v
4
u
m2kUikU
∗
jk, (9)
3making use of the approximation, ln(M/Mk) ≈
(M2/M2k − 1)/2, where mk denotes the k-th diagonal
entry of m̂ν . This expression captures the qualities of
the contribution from the right-handed mixing, provided
that all the entries of Ŷν are of the same order. The error
due to the above approximation of log as well as terms
depending on ∆k, which may or may not be negligible,
comprise the rest of HND, which is formally at higher
orders than H0ND, in powers of (M
2/M2k − 1) or ∆k.
There is a nice interpretation of (9) within a formu-
lation using spurions (see e.g. [9]). Since H0ND is the
contribution from the universal part of Ŷν , one can con-
sider a subgroup of flavour symmetry which leaves (1)
invariant, under the condition that Yν = yν1. The small
charged lepton Yukawas shall be ignored. One such group
is SU(3)L−νc under which L and νc are 3 and 3, respec-
tively. For this, one needs to promote Mνc to a spurion
transforming as a sextet under SU(3)L−νc . The flavour-
violating part of H in the left-handed slepton mass ma-
trix (3) then belongs to an octet. Now, the task is to
construct octets out of Mνc . The simplest tensor prod-
uct is MνcM
†
νc . One may as well take its inverse matrix
which also transforms as an octet and multiply it by ap-
propriate factors for it to be part of H. From Fig. 1, it
is clear that H should pick up y2ν . One further needs M
2
in order to match the dimensions. Combined with (2),
the result then reads
y2νM
2M−1†νc M
−1
νc =
M2
y2νv
4
u
m†νmν , (10)
which coincides with (9) up to a factor of 2. This is
the inverse matrix of the octet contribution ∆
(2)
8 given
in (2.17) of Ref. [9]. Nevertheless, this does not mean
any conflict since one could arrive at ∆
(2)
8 by expanding
ln(Mk/M) instead of ln(M/Mk). This would amount to
taking MνcM
†
νc , rather than its inverse, as the starting
tensor product. Instead of being a poorer approximation
of HND than ∆
(2)
8 , H
0
ND has the advantage that its flavour
structure is fixed independent of the absolute neutrino
masses or their ordering, as shall be shown below.
A few comments about H0ND are in order. First,
this contribution is independent of MX , which by con-
trast plays the important role of determining the overall
strength of flavour violation in HD. Clearly, HD goes
away as one brings MX to M . Second, H
0
ND is propor-
tional to M2. The M scale is inversely proportional to
the scale of absolute low-energy neutrino masses, as is ev-
ident from (2). Therefore, this contribution grows as the
lightest neutrino mass decreases, for a fixed yν . Third,
(H0ND)ij would be of O(y2ν) provided that all the com-
ponents of U were of O(1), as the see-saw formula (2)
suggests. Putting this representative magnitude into (3),
one would find rough estimates of the slepton mass inser-
tions, (δeij)LL ∼ 10−2y2ν , which implies that this contri-
bution has enough potential to reveal itself in low-energy
flavour physics. To be precise, this may be an overesti-
mation since there are small entries in U . Fourth, the
off-diagonal flavour structure of H0ND is fully controlled
by those quantities that are measured at neutrino os-
cillation experiments. To see this, one can rewrite the
k-summation in (9) in the form,
m2kUikU
∗
jk = ∆m
2
31Ui3U
∗
j3 + ∆m
2
21Ui2U
∗
j2
= ∆m232Ui3U
∗
j3 −∆m221Ui1U∗j1, i 6= j,
(11)
with the familiar abbreviation, ∆m2ij ≡ m2i − m2j [17].
Setting either i or j to 1 and recalling that |∆m231|
and |∆m232| are about 30 times bigger than ∆m221 [17],
one finds that the µ˜–e˜ and the τ˜–e˜ transitions depend
strongly on U13 whose modulus has been recently mea-
sured [13]. On the other hand, the τ˜–µ˜ component is not
suppressed by U13. It is noteworthy that (9) holds no
matter whether U l = U or not.
To appreciate the impact of right-handed neutrino
mixing, which appears only in HND, it is useful to in-
troduce a parameter denoted by l, the “left-handedness”
of lepton mixing. It interpolates the two extreme cases
where the lepton mixing arises solely from either U l or
V in (5). More concretely, it shall be chosen to be an
exponent ranging between 0 and 1 that raises U to the
l-th power yielding U l. Needless to say, the above two
limits amount to U1 = U and U0 = 1, respectively.
The method to evaluate the low-energy slepton mass
matrices is the standard renormalization group analysis
using one-loop beta functions (see e.g. [11]). In this way,
one can solve the system of three different effective field
theories with three, two, and one active νc flavour(s),
laid down starting from MX down to M1, below which
the minimal supersymmetric standard model takes over.
First of all, boundary conditions are imposed on the
superpotential and the soft parameters at MX . The MX
scale value of Ye is obtained by integrating its renormal-
ization group equation from the weak scale. The input
for the neutrino-sector consists of Ŷν , U
l, and mk. The
former two are chosen by hand. The low-energy neutrino
masses are specified by the smallest of them in combina-
tion with their ordering, for which there are two possibil-
ities: normal spectrum with m1 < m2 < m3 and inverted
spectrum with m3 < m1 < m2. Using this input, one can
solve (2) and (5) to obtain Mνc . These Ŷν , U
l, and Mνc
are then used as their MX scale values. Note that this
procedure ignores the renormalization of the dimension-5
neutrino mass operator, which is significant at high tanβ
(see e.g. [14, 15]). Taking it into account would amount
to alteration in the neutrino-sector boundary conditions
at MX . This would qualify well as an element of a more
advanced future analysis. The soft parameters are set to
the usual flavour-blind form, i.e. the masses (including
those of Higgses) are all m0 and each trilinear coupling
is A0 times the corresponding Yukawa coupling.
Then, the renormalization group equations are solved
to result in the weak scale couplings. For the evalua-
tion of full H in (6), the three eigenstates of Mνc are
integrated out sequentially, each at the scale equal to its
own mass eigenvalue. To isolate HD for a comparison,
4Normal ordering Inverted ordering
ν-sector
m1 = 0.05 eV m3 = 0.05 eV
Ŷν = diag(0.6, 0.8, 1.0) Ŷν = diag(0.8, 1.0, 0.6)
At MX m0 = 1 TeV A0 = 0
At Mweak M2 = 1 TeV tanβ = 20
TABLE I. Default input to be used in the numerical analysis
unless specified otherwise. The high scale is chosen to be
MX = 2× 1016 GeV. The bino mass M1 is derived from M2
by the unification relation.
all the νc flavours are decoupled at M , chosen to be the
geometric mean of Mk. At the weak scale, the tree-level
electroweak symmetry breaking condition determines µ
which enters into the chargino and the neutralino mass
matrices. Its sign is chosen to be positive.
The numerical input for this programme is collected in
Table I. The scalar and the gaugino masses are chosen to
be well above the current collider bounds [16]. To set out
the lepton mixing matrix U , it is convenient to follow the
standard parametrization in Ref. [17]. The three mixing
angles are assumed to hold their central values from the
same reference. The remaining free parameters to be
fixed are the Dirac phase, δ, and the Majorana phases,
α21 and α31 [17]. For illustrative purposes, each of them
is chosen to be either 0 or pi, yielding 8 combinations in
total. They are encoded as the line pattern.
The above procedure leads to Fig. 2, which shows the
branching fraction of µ→ eγ as a function of l. Therein,
one finds an outstanding difference between the single
and the multi-threshold results, which are delineated by
the thin and the thick curves, respectively. The former
result corresponds to keeping only HD from (6). As is
clear from (7), the µ → eγ rate drops to zero as l de-
creases, i.e. as the role of the left-handed mixing dimin-
ishes. On the other hand, the µ → eγ rate remains fi-
nite even for l = 0, if one takes care of the individual
νc thresholds, thereby incorporating HND in (6). More-
over, those finite values might be not only of theoret-
ical but also of experimental interest, since they range
around the current experimental upper limit at 90% con-
fidence level, 5.7 × 10−13, achieved by the MEG exper-
iment [18]. It is worth highlighting that lepton flavour
violation originating purely from the right-handed mix-
ing has sufficient potential to be discovered at low-energy
new physics searches. Another point to notice is that the
branching fraction shows a drastic variation depending
on the phases, which remains even if l = 0. There are
curves that intrude into the excluded region, but they
are meant to demonstrate the variety of prediction as a
function of the phases and l. One could at any time res-
urrect a point with a particular set of l and phases, which
is ruled out by µ → eγ, by suppressing its rate. To this
end, the following modifications are helpful: to decrease
Ŷν or tanβ, or to increase mk, m0, or the gaugino masses.
As explained above, the lepton mixing angle θ13 plays
a critical role in lepton flavour violation from the right-
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FIG. 2. Branching fraction of µ → eγ as a function of l, the
“left-handedness” of lepton mixing, in the case of (a) normal
or (b) inverted neutrino mass ordering. The thin and the
thick curves display the single and the multi-threshold results,
respectively. Each line pattern indicates a combination of the
Dirac and Majorana phases. The upper hatched region shows
the current MEG bound.
handed mixing. A graphical exposition of this is Fig. 3.
In the plots, the decay arises solely from the right-handed
mixing. The thick curves show the properties of (9),
which is the contribution from the universal part of the
neutrino Yukawa eigenvalues. Indeed, the branching frac-
tion exhibits a strong dependence on sin θ13. Further-
more, it is entertaining to notice that µ → eγ is en-
hanced by the departure of sin θ13 from zero. For this
uniform choice of Ŷν , only the Dirac phase is varied since
the Majorana phases leave no trace. Using the stan-
dard parametrization of U [17], one can easily verify that
the Majorana phases are cancelled out in (9). If one
instead chooses non-universal Yukawas, the Majorana
phases turn active, as the thin curves display. It is then
amusing to realize that this “Majorana effect” belongs
neither to H0ND nor to HD. It arises from HND −H0ND.
In summary, it has been stressed that the flavour struc-
ture of heavy right-handed neutrinos could be an inter-
esting origin of supersymmetric lepton flavour violation.
In particular, the mass hierarchy plus large mixing in
the νc sector alone might lead to sufficient µ→ eγ for its
experimental discovery. When acting on the µ˜–e˜ or the
τ˜–e˜ transition, this “right-handed” effect is basically con-
trolled by θ13, which renders its recent measurements far
more fascinating. Full consideration of the individual νc
thresholds unlocks the striking influence of the leptonic
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FIG. 3. Branching fraction of µ→ eγ for l = 0 as a function
of sin θ13, in the case of (a) normal or (b) inverted neutrino
mass ordering. The thick and the thin curves correspond to
Ŷν = diag(1, 1, 1) and the default neutrino Yukawas in Table I,
respectively. Each line pattern indicates a combination of the
Dirac and Majorana phases. The upper hatched region shows
the current MEG bound. The vertical hatched strip is the
measured 1 σ range of sin θ13.
CP -violating phases on flavour physics.
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